Variance of the spectral numbers by Hertling, Claus
ar
X
iv
:m
at
h/
00
07
18
7v
1 
 [m
ath
.C
V]
  3
0 J
ul 
20
00
VARIANCE OF THE SPECTRAL NUMBERS
CLAUS HERTLING
Abstract. A formula for the variance of the spectrum of a quasihomoge-
neous singularity is proved, using the G-function of a semisimple Frobenius
manifold.
1. Introduction
The spectrum of an isolated hypersurface singularity f : (Cn+1, 0)→ (C, 0)
is an important discrete invariant of the singularity. Its main properties have
been established by Steenbrink and Varchenko. It consists of µ rational num-
bers α1, ..., αµ with −1 < α1 ≤ ... ≤ αµ < n and αi + αµ+1−i = n − 1. The
numbers e−2πiα1 , ..., e−2πiαµ are the eigenvalues of the monodromy.
The spectral numbers come from a Hodge filtration on the cohomology of
a Milnor fiber [St1] (cf. chapter 4) or, more instructively, from the Gauß-
Manin connection of f [AGV]. They satisfy a semicontinuity property for
deformations of f and are related to the signature of the intersection form.
In the case of a quasihomogeneous singularity f of weighted degree 1 with
weights w0, ..., wn ∈ (0, 12 ] ∩ Q they can be calculated easily [St2][AGV]:
Then the Jacobi algebra OCn+1,0/( ∂f∂x0 , ...,
∂f
∂xn
) =: O/Jf has a natural grad-
ing O/Jf =
⊕
α(O/Jf)α, and
♯(i | αi = α) = dim(O/Jf)α−α1 , (1.1)
α1 = −1 +
n∑
i=0
wi . (1.2)
The main result of this paper is a new formula concerning the distribution
of the spectral numbers. Because of the symmetry αi + αµ+1−i = n − 1 one
can consider n−1
2
as their expectation value. Then 1
µ
∑µ
i=1
(
αi − n−12
)2
is their
variance.
Theorem 1.1. In the case of a quasihomogeneous singularity the variance is
1
µ
µ∑
i=1
(
αi − n− 1
2
)2
=
αµ − α1
12
. (1.3)
Conjecture 1.2. For any isolated hypersurface singularity
1
µ
µ∑
i=1
(
αi − n− 1
2
)2
≤ αµ − α1
12
. (1.4)
The proof of (1.3) uses two things:
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1) The deep result of K. Saito [SK1][SK3] and M. Saito [SM] that the base
space of a semiuniversal unfolding of an isolated hypersurface singularity f can
be equipped with the structure of a Frobenius manifold with discrete invariants
related to the spectrum of f .
2) The G-function of a semisimple Frobenius manifold, which was defined
by Dubrovin and Zhang [DZ1] and independently by Givental [Gi].
A more elementary and much broader version of the construction of K. Saito
and M. Saito has been given in [He4] (chapter 6). In chapter 4 we will state
the result more precisely. The definition of a Frobenius manifold is given in
chapter 3.
The G-function of a semisimple Frobenius manifold is a fascinating function
with several origins. One is the τ -function of the isomonodromic deformations,
which are associated to such a Frobenius manifold. Another is, that in the case
of a semisimple Frobenius manifold coming from quantum cohomology the G-
function is the genus one Gromov-Witten potential. More remarks on this, the
definition, and some properties of the G-function are given in chapter 6.
In order to establish the fact that the G-function extends holomorphically
over the caustic in the singularity case (Theorem 6.3), we need the socle field
of a Frobenius manifold (chapter 5) and some facts on F-manifolds (chapter 2)
from [He3]. If one forgets the metric of a Frobenius manifold one is left with
an F-manifold.
Theorem 1.1 is proved in chapter 7.
Conjecture 1.2 is based only on a few examples. I would appreciate a proof
as well as counterexamples, also an elementary proof of Theorem 1.1, and
applications, for example on deformations of singularities or on their topology.
2. F-manifolds
First we fix some notations:
1) In the whole paper M is a complex manifold of dimension m ≥ 1 (with
m = µ in the singularity case) with holomophic tangent bundle TM , sheaf TM
of holomorphic vector fields, and sheaf OM of holomorphic functions.
2) A (k, l)-tensor is an OM -linear map T ⊗kM → T ⊗lM . The Lie derivative
LieX T of it by a vector field X ∈ TM is again a (k, l)-tensor. For example, a
vector field Y ∈ TM yields a (0, 1)-tensor OM → TM , 1 7→ Y , with LieX Y =
[X, Y ].
3) If ∇ is a connection on M then the covariant derivative ∇XT of a (k, l)-
tensor by a vector field X is again a (k, l)-tensor. As ∇XT is OM -linear in X
(contrary to LieX T ) ∇T is a (k + 1, l)-tensor.
4) A multiplication ◦ on the tangent bundle TM of a manifold M is a
symmetric and associative (2, 1)-tensor ◦ : TM ⊗ TM → TM . It equips each
tangent space TtM , t ∈M , with the structure of a commutative and associative
C-algebra. We will be interested only in a multiplication with a global unit
field e.
5) A metric g on a manifold M is a symmetric and nondegenerate (2, 0)-
tensor. It equips each tangent space with a symmetric and nondegenerate
bilinear form. Its Levi-Civita connection ∇ is the unique connection on TM
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which is torsion free, i.e. ∇XY −∇YX = [X, Y ], and which satisfies ∇g = 0,
i.e. X g(Y, Z) = g(∇XY, Z) + g(Y,∇XZ).
The notion of an F-manifold was defined first in [HM] (cf. [Man] I §5). It is
studied extensively in [He3].
Definition 2.1. a) An F-manifold (M, ◦, e) is a manifold M together with a
multiplication ◦ on the tangent bundle and a global unit field e such that the
multiplication satisfies the following integrability condition:
∀ X, Y ∈ TM LieX◦Y (◦) = X ◦ LieY (◦) + Y ◦ LieX(◦) . (2.1)
b) Let (M, ◦, e) be an F-manifold. An Euler field of weight c ∈ C is a vector
field E ∈ TM with
LieE(◦) = c · ◦ . (2.2)
An Euler field of weight 1 is simply called an Euler field.
One reason why this is a natural and good notion is that any Frobenius
manifold is an F-manifold ([HM], [He3] chapter 5). Another one is given in
Proposition 2.2 and Theorem 2.3.
Proposition 2.2. ([He3] Prop. 4.1) The product (M1 ×M2, ◦1 ⊕ ◦2, e1 + e2)
of two F-manifolds is an F-manifold. The sum (of the lifts to M1×M2) of two
Euler fields Ei, i = 1, 2, on (Mi, ◦i, ei) of the same weight c ∈ C is an Euler
field of weight c ∈ C on M1 ×M2.
Theorem 2.3 describes the decomposition of a germ of an F-manifold. In
order to state it properly we need the following classical and elementary fact:
each tangent space of an F-manifold decomposes as an algebra (TtM, ◦, e)
uniquely into a direct sum
(TtM, ◦, e) =
l(t)⊕
k=1
((TtM)k, ◦, ek) (2.3)
of local subalgebras (TtM)k with units ek and with (TtM)j ◦ (TtM)k = 0 for
j 6= k (cf. e.g. [He3] Lemma 1.1). One can obtain this decomposition as
the simultaneous eigenspace decomposition of the commuting endomorphisms
X◦ : TtM → TtM for X ∈ TtM .
Theorem 2.3. ([He3] Theorem 4.2) Let (M, ◦, e) be an F-manifold and t ∈
M . The decomposition (2.3) extends to a unique decomposition
(M, t) =
l(t)∏
k=1
(Mk, t) (2.4)
of the germ (M, t) into a product of germs of F-manifolds. These germs are
irreducible germs of F-manifolds as already the algebras Tt(Mk) ∼= (TtM)k are
irreducible (as they are local algebras).
An Euler field of weight c decomposes accordingly.
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The proof in [He3] uses (2.1) in a way which justifies calling it integrability
condition.
Consider an F-manifold (M, ◦, e). The function l : M → N defined in (2.3)
is lower semicontinuous ([He3] Proposition 2.3). The caustic K := {t | l(t) <
generic value } is empty or a hypersurface (the proof in [He3] Proposition 2.4
for the case generic value = m works for any generic value of l).
The multiplication on TtM is semisimple if l(t) = m. The F-manifold is
massive if the multiplication is generically semisimple.
Up to isomorphism there is only one germ of a 1-dimensional F-manifold,
(C, ◦, e) with e = ∂
∂u
for u a coordinate on (C, 0). The space of Euler fields of
weight 0 is C · e, an Euler field of weight 1 is u e. This germ of an F-manifold
is called A1.
By Theorem 2.3, any germ of a semisimple F-manifold is a product Am1 ,
that means, there are local coordinates u1, ..., um with ei =
∂
∂ui
and ei ◦ ej =
δijei. They are unique up to renumbering and shift and are called canonical
coordinates, following Dubrovin. The vector fields ei are called idempotent.
Also by Theorem 2.3, then each Euler field of weight 1 takes the form
∑m
i=1(ui+
ri)ei for some ri ∈ C.
Example 2.4. Fix m ≥ 1 and n ≥ 2. The manifold M = Cm with coordinate
fields δi =
∂
∂ti
and multiplication defined by
δ1 ◦ δ2 = δ2 , (2.5)
δ2 ◦ δ2 = tn−22 δ1 , (2.6)
δi ◦ δj = δijδi if (i, j) /∈ {(1, 2), (2, 1), (2, 2)} (2.7)
is a massive F-manifold. The submanifold C2 × {0} is an F-manifold with
the name I2(n), with I2(2) = A
2
1, I2(3) = A2, I2(4) = B2, I2(5) = H2, and
I2(6) = G2.
(M, ◦, e) decomposes globally into a product C2×C× ...×C of F-manifolds
of the type I2(n)A
m−2
1 . The unit fields for the components are δ1, δ3, ..., δm,
the global unit field is e = δ1 + δ3 + ... + δm, the caustic is K = {t | t2 = 0}.
The idempotent vector fields in a simply connected subset of M −K are
e1/2 =
1
2
δ1 ± 1
2
t
−n−2
2
2 δ2 , (2.8)
ei = δi for i ≥ 3 , (2.9)
canonical coordinates there are
u1/2 = t1 ± 2
n
t
n
2
2 , (2.10)
ui = ti for i ≥ 3 . (2.11)
An Euler field of weight 1 is
E = t1δ1 +
2
m
t2δ2 +
∑
i≥3
tiδi . (2.12)
The space of global Euler fields of weight 0 is
∑
i 6=2C · δi.
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The classification of 3-dimensional irreducible germs of massive F-manifolds
is already vast ([He3] chapter 20). But the classification of 2-dimensional
irreducible germs of massive F-manifolds is nice ([He3] Theorem 12.1): they
are precisely the germs at 0 for m = 2 and n ≥ 3 in Example 2.4 with the
names I2(n).
3. Frobenius manifolds
Frobenius manifolds were defined first by Dubrovin [Du1]. They turn up
now at many places, see [Du2] and [Man] (also for more references), especially
in quantum cohomology and mirror symmetry. In this paper we will only be
concerned with the Frobenius manifolds in singularity theory (chapter 4).
Definition 3.1. A Frobenius manifold (M, ◦, e, E, g) is a manifold M with a
multiplication ◦ on the tangent bundle, a global unit field e, another global
vector field E, which is called Euler field, and a metric g, subject to the
following conditions:
1) the metric is multiplication invariant, g(X ◦ Y, Z) = g(X, Y ◦ Z),
2) (potentiality) the (3, 1)-tensor ∇◦ is symmetric (here ∇ is the Levi-
Civita connection of the metric),
3) the metric g is flat,
4) the unit field e is flat, ∇e = 0,
5) the Euler field satisfies LieE(◦) = 1 · ◦ and LieE(g) = D · g for some
D ∈ C.
Remarks 3.2. a) Condition 2) implies (2.1) ([He3] Theorem 5.2). Therefore
a Frobenius manifold is an F-manifold.
b) The (3, 0)-tensor A with A(X, Y, Z) := g(X ◦ Y, Z) is symmetric by 1).
Then 2) is equivalent to the symmetry of the (4, 0)-tensor ∇A. If X, Y, Z,W
are local flat fields then 2) is equivalent to the symmetry in X, Y, Z,W of
X A(Y, Z,W ). This is equivalent to the existence of a local potential Φ ∈ OM
with A(X, Y, Z) = XY Z(Φ) for flat fields X, Y, Z.
c) LieE(g) = D ·g means that E is a sum of an infinitesimal dilation, rotation
and shift. Therefore ∇E maps a flat field X to a flat field ∇XE = [X,E] =
−LieE X , i.e. it is a flat (1, 1)-tensor, ∇(∇E) = 0. Its eigenvalues are called
d1, ..., dm. Now LieE(◦) = 1 · ◦ implies ∇eE = [e, E] = e, and ∇E − D2 id
is an infinitesimal isometry because of LieE(g) = D · g. One can order the
eigenvalues such that d1 = 1 and di + dm+1−i = D.
4. Hypersurface singularities
Let f : (Cn+1, 0)→ (C, 0) be a holomorphic function germ with an isolated
singularity at 0 and with Milnor number µ.
An unfolding of f is a holomorphic function germ F : (Cn+1×Cm, 0)→ (C, 0)
with F |(Cn+1 × {0}, 0) = f . The coordinates on (Cn+1 × Cm, 0) are called
(x0, ..., xn, t1, ..., tm).
The germ (C, 0) ⊂ (Cn+1×Cm, 0) of the critical space is defined by the ideal
JF = (
∂F
∂x0
, ..., ∂F
∂xn
). The projection prC : (C, 0) → (Cm, 0) is finite and flat of
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degree µ. The map
a : TCm,0 −→ OC,0 (4.1)
∂
∂ti
7→ ∂F
∂ti
|(C,0) (4.2)
is the Kodaira-Spencer map.
The unfolding is semiuniversal iff a is an isomorphism. Consider a semiu-
niversal unfolding. Then m = µ, and we set (M, 0) := (Cµ, 0). The map a
induces a multiplication ◦ on TM,0 by a(X ◦ Y ) = a(X) · a(Y ) with unit field
e = a−1([1]) and a vector field E := a−1([F ]).
This multiplication and the field E were considered first by K. Saito
[SK1][SK3]. Because the Kodaira-Spencer map a behaves well under mor-
phisms of unfoldings, the tuple ((M, 0), ◦, e, E) is essentially independent of
the choices of the semiuniversal unfolding. This and the following fact are
discussed in [He3] (chapter 16).
Theorem 4.1. The base space (M, 0) of a semiuniversal unfolding F of an
isolated hypersurface singularity f is a germ ((M, 0), ◦, e, E) of a massive F-
manifold with Euler field E = a−1([F ]). For each t ∈ M there is a canonical
isomorphism
(TtM, ◦, E|t) ∼= (
⊕
x∈Sing(Ft)
Jacobi algebra of (Ft, x),mult., [Ft]) . (4.3)
At generic points of the caustic the germ of the F-manifold is of the type
A2A
µ−2
1 .
The base spaces of two semiuniversal unfoldings are canonically isomorphic
as germs of F-manifolds with Euler fields.
By work of K. Saito [SK1][SK3] and M. Saito [SM] one can even construct a
metric g onM such that ((M, 0), ◦, e, E, g) is the germ of a Frobenius manifold.
The construction uses the Gauß-Manin connections for f and F , K. Saito’s
higher residue pairings, a polarized mixed Hodge structure, and results of
Malgrange on deformations of microdifferential systems.
A more elementary and much broader version of the construction, which
does not use Malgrange’s results, is given in [He4]. Here we restrict ourselves
to a formulation of the result. This uses the spectral numbers of f [St1][AGV].
Let f : X → ∆ be a representative of the germ f as usual, with ∆ = Bδ ⊂ C
and X = f−1(∆) ∩ Bn+1ε ⊂ Cn+1 (with 1 ≫ ε ≫ δ > 0). The cohomology
bundle Hn =
⋃
t∈∆∗ H
n(f−1(t),C) is flat. Denote by ∆∞ → ∆∗ a universal
covering. A global flat multivalued section in Hn is a map ∆∞ → Hn with
the obvious properties. The µ-dimensional space of the global flat multivalued
sections in Hn is denoted by H∞. Steenbrink’s Hodge filtration F • on H∞
[St1] together with topological data yields a polarized mixed Hodge structure
on it (see [He1][He4] for definitions and a discussion of this).
The spectral numbers α1, ..., αµ of f are µ rational numbers with
♯(i | αi = α) = dimGr[n−α]F H∞e−2piiα . (4.4)
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Here H∞e−2piiα is the generalized eigenspace of the monodromy on H
∞ with
eigenvalue e−2πiα. So e−2πiα1 , ..., e−2πiαµ are the eigenvalues of the monodromy.
The spectral numbers satisfy −1 < α1 ≤ ... ≤ αµ < n and αi+αµ+1−i = n−1.
Essential for understanding them and for the whole construction of the me-
tric g is Varchenko’s way to construct a mixed Hodge structure on H∞ with
the Gauß-Manin connection of f ([Va][AGV], cf. also [SchSt][SM][He1][He4]).
It turns out that a metric g such that ((M, 0), ◦, e, E, g) is a Frobenius
manifold is in general not unique. By work of K. Saito and M. Saito each
choice of a filtration on H∞ which is opposite to F • (see [SM][He4] for the
definition) yields a metric which gives a Frobenius manifold structure as in
Theorem 4.2. A more precise statement and a detailed proof of it is given in
[He4] (chapter 6).
Theorem 4.2. One can choose a metric g on the base space (M, 0) of a
semiuniversal unfolding of an isolated hypersurface singularity f such that
((M, 0), ◦, e, E, g) is a germ of a Frobenius manifold and ∇E is semisimple
with eigenvalues di = 1 + α1 − αi and with D = 2− (αµ − α1).
In fact, often one can also find metrics giving Frobenius manifold structures
with {d1, ..., dµ} 6= {1 + α1 − αi | i = 1, ..., µ} ([SM] 4.4, [He4] Remarks 6.7).
5. Socle field
A Frobenius manifold has another distinguished vector field besides the unit
field and the Euler field. It will be discussed in this section. We call it the
socle field. It is used implicitly in Dubrovin’s papers and in [Gi].
Let (M, ◦, e, g) be a manifold with a multiplication ◦ on the tangent bundle,
with a unit field, and with a multiplication invariant metric g. We do not need
flatness and potentiality and an Euler field in the moment.
Each tangent space TtM is a Frobenius algebra. This means (more or less
by definition) that the splitting (2.3) is now a splitting into a direct sum of
Gorenstein rings (cf. e.g. [He3] Lemma 1.2)
TtM =
l(t)⊕
k=1
(TtM)k (5.1)
They have maximal ideals mt,k ⊂ (TtM)k and units ek such that e =
∑
ek.
They satisfy
(TtM)j ◦ (TtM)k = {0} for j 6= k , (5.2)
and thus
g((TtM)j , (TtM)k) = {0} for j 6= k . (5.3)
The socle Ann(TtM)k(mt,k) is 1-dimensional and has a unique generator Ht,k
which is normalized such that
g(ek, Ht,k) = dim(TtM)k . (5.4)
The following lemma shows that the vectors
∑
kHt,k glue to a holomorphic
vector field, the socle field of (M, ◦, e, g).
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Lemma 5.1. For any dual bases X1, ..., Xm and X˜1, ..., X˜m of TtM , that
means, g(Xi, X˜j) = δij, one has
l(t)∑
k=1
Ht,k =
m∑
i=1
Xi ◦ X˜i . (5.5)
Proof: One sees easily that the sum
∑
Xi ◦ X˜i is independent of the choice
of the basis X1, ..., Xm. One can suppose that l(t) = 1 and that X1, ..., Xm are
chosen such that they yield a splitting of the filtration TtM ⊃mt,1 ⊃m2t,1 ⊃ ....
Then g(e,Xi ◦ X˜i) = 1 and
g(mt,1, Xi ◦ X˜i) = g(Xi ◦mt,1, X˜i) = 0 .
Thus Xi ◦ X˜i = 1mHt,1.
It will be useful to fix the multiplication and vary the metric.
Lemma 5.2. Let (M, ◦, e, g) be a manifold with multiplication ◦ on the tan-
gent bundle, unit field e and multiplication invariant metric g. For each mul-
tiplication invariant metric g˜ there exists a unique vector field Z such that the
multiplication with it is invertible everywhere and for all vector fields X, Y
g˜(X, Y ) = g(Z ◦X, Y ) . (5.6)
The socle fields H and H˜ of g and g˜ satisfy
H = Z ◦ H˜ . (5.7)
Proof: The situation for one Frobenius algebra is described for example
in [He3] (Lemma 1.2). It yields (5.6) immediately. (5.7) follows from the
comparison of (5.4) and (5.6).
Denote by
Hop : TM → TM , X 7→ H ◦X (5.8)
the multiplication with the socle field H of (M, ◦, e, g) as above. The socle
field is especially interesting if the multiplication is generically semisimple,
that means, generically l(t) = m. Then the caustic K = {t ∈M | l(t) < m} is
the set where the multiplication is not semisimple. It is the hypersurface
K = det(Hop)−1(0) . (5.9)
In an open subset of M − K with basis e1, ..., em of idempotent vector fields
the socle field is
H =
m∑
i=1
1
g(ei, ei)
ei . (5.10)
It determines the metric g everywhere because (5.10) determines the metric at
semisimple points.
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Theorem 5.3. Let (M, ◦, e, g) be a massive F-manifold with multiplication
invariant metric g. Suppose that at generic points of the caustic the germ of
the F-manifold is of the type I2(n)A
m−2
1 .
Then the function det(Hop) vanishes with multiplicity n−2 along the caustic.
Proof: It is sufficient to consider Example 2.4. A multiplication invariant
metric g is uniquely determined by the 1-form ε = g(e, .). Because of (5.7) it is
sufficient to prove the claim for one metric. We choose the metric with 1-form
ε(δi) = 1− δi1 . (5.11)
The bases δ1, δ2, δ3, ..., δm and δ2, δ1, δ3, ..., δm are dual with respect to this
metric. Its socle field is by Lemma 5.1
H = 2δ2 + δ3 + ...+ δm (5.12)
and satisfies det(Hop) = −4tn−22 .
6. G-function of a massive Frobenius manifold
Associated to any simply connected semisimple Frobenius manifold is a fasci-
nating and quite mysterious function. Dubrovin and Zhang [DZ1][DZ2] called
it the G-function and proved the deepest results on it. But Givental [Gi]
studied it, too, and it originates in much older work. It takes the form
G(t) = log τI − 1
24
log J (6.1)
and is determined only up to addition of a constant. First we explain the
simpler part, log J . Let (M, ◦, e, E, g) be a semisimple Frobenius manifold
with canonical coordinates u1, ..., um and flat coordinates t˜1, ..., t˜m. Then
J = det(
∂t˜i
∂uj
) · constant (6.2)
is the base change matrix between flat and idempotent vector fields.
One can rewrite it with the socle field. Denote ηi := g(ei, ei) and consider
the basis v1, ..., vm of vector fields with
vi =
1√
ηi
ei (6.3)
(for some choice of the square roots). The matrix det(g(vi, vj)) = 1 is constant
as is the corresponding matrix for the flat vector fields. Therefore
constant · J =
m∏
i=1
√
ηi = det(Hop)
− 1
2 . (6.4)
Here H =
∑
vi ◦ vi is the socle field.
One of the origins of the first part log τI are isomonodromic deformations.
The second structure connections and the first structure connections of the
semisimple Frobenius manifold are isomonodromic deformations over P1 ×M
of restrictions to a slice P1 × {t}. The function τI is their τ -function in the
sense of [JMMS][JMU][JM][Mal]. See [Sab] for other general references on this.
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The situation for Frobenius manifolds is discussed and put into a Hamilto-
nian framework in [Du2] (Lecture 3), [Man] (II §2), and in [Hi]. The coefficients
Hi of the 1-form d log τI =
∑
Hidui are certain Hamiltonians and motivate the
definition of this 1-form. Hitchin [Hi] compares the realizations of this for the
first and the second structure connections.
Another origin of the whole G-function comes from quantum cohomology.
Getzler [Ge] studied the relations between cycles in the moduli spaceM1,4 and
derived from it recursion relations for genus one Gromov-Witten invariants
of projective manifolds and differential equations for the genus one Gromov-
Witten potential.
Dubrovin and Zhang [DZ1] (chapter 6) investigated these differential equa-
tions for any semisimple Frobenius manifold and found that they have always
one unique solution (up to addition of a constant), the G-function. Therefore
in the case of a semisimple Frobenius manifold coming from quantum coho-
mology, the G-function is the genus one Gromov-Witten potential. (Still I find
these differential equations mysterious.)
They also proved part of the conjectures in [Gi] concerning G(t). Finally,
they found that the potential of the Frobenius manifold (for genus zero) and
the G-function (for genus one) are the basements of full free energies in genus
zero and one and give rise to Virasoro constraints [DZ2]. Exploiting this for
singularities will be a big task for the future.
In chapter 7 we need only the definition of log τI and the behaviour of G(t)
with respect to the Euler field and the caustic in a massive Frobenius manifold.
We have to resume some known formulas related to the canonical coordinates
of a semisimple Frobenius manifold ([Du2], [Man], also [Gi]).
The 1-form ε = g(e, .) is closed and can be written as ε = dη. One defines
ηi := eiη = g(ei, e) = g(ei, ei) , (6.5)
ηij := eiejη = eiηj = ejηi , (6.6)
γij :=
1
2
ηij√
ηi
√
ηj
, (6.7)
Vij := −(ui − uj)γij , (6.8)
d log τI :=
1
2
∑
i 6=j
V 2ij
ui − uj dui =
1
2
∑
i 6=j
(ui − uj)γ2ijdui (6.9)
=
1
8
∑
i 6=j
(ui − uj)
η2ij
ηiηj
dui . (6.10)
Theorem 6.1. Let (M, ◦, e, E, g) be a semisimple Frobenius manifold with
global canonical coordinates u1, ..., um.
a) The rotation coefficients γij (for i 6= j) satisfy the Darboux-Egoroff equa-
tions
ekγij = γikγkj for k 6= i 6= j 6= k , (6.11)
eγij = 0 for i 6= j . (6.12)
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b) The connection matrix of the flat connection for the basis v1, ..., vm from
(6.3) is the matrix Γ := (γijd(ui − uj)). The Darboux-Egoroff equations are
equivalent to the flatness condition dΓ + Γ ∧ Γ = 0.
c) The 1-form d log τI is closed and comes from a function log τI .
d) E(ηi) = (D − 2)ηi and E(γij) = −γij.
e) If the canonical coordinates are chosen such that E =
∑
uiei then the
matrix −(Vij) is the matrix of the endomorphism V = ∇E − D2 id on TM with
respect to the basis v1, ..., vm.
Proof: a)+b) See [Du2] (pp. 200–201) or [Man] (I §3).
c) This can be checked easily with the Darboux-Egoroff equations.
d) It follows from LieE(g) = D · g and from [ei, E] = ei.
e) This is implicit in [Du2] (pp. 200–201). One can check it with a)+b)+d).
The endomorphism V is skewsymmetric with respect to g and flat with
eigenvalues di − D2 ; the numbers di can be ordered such that d1 = 1 and
di + dm+1−i = D (cf. Remark 3.2 c)).
Corollary 6.2. ([DZ1] Theorem 3) Suppose that E =
∑
uiei. Then
E log τI = −1
4
m∑
i=1
(di − D
2
)2 , (6.13)
E G(t) = −1
4
m∑
i=1
(di − D
2
)2 +
m(2−D)
48
=: γ . (6.14)
Proof:
E log τI =
1
2
∑
i 6=j
uiV
2
ij
ui − uj =
1
2
∑
i<j
V 2ij (6.15)
= −1
4
∑
ij
VijVji = −1
4
trace(V 2)
= −1
4
m∑
i=1
(di − D
2
)2 .
(6.4) shows E(J) = mD−2
2
J . Now (6.14) follows from the definition of the
G-function.
If M is a massive Frobenius manifold with caustic K, one may ask which
kind of poles the 1-form d log τI has along K and when the G-function extends
over K.
All the F-manifolds I2(n) (cf. Example 2.4) are in a natural way (up to
the choice of a scalar) equipped with a metric g, such that they get Frobenius
manifolds ([Du2] Lecture 4, cf. [He3] chapter 19). These Frobenius manifolds
are also denoted I2(n).
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In [DZ1] (chapter 6) the G-function is calculated for them with coordinates
(t1, t2) on M = C
2 and e = ∂
∂t1
. It turns out to be
G(t) = − 1
24
(2− n)(3− n)
n
log t2 . (6.16)
Especially, for the case I2(3) = A2 the G-function is G(t) = 0. This was
checked independently in [Gi]. Givental concluded that in the case of singular-
ities the G-function of the base space of a semiuniversal unfolding with some
Frobenius manifold structure extends holomorphically over the caustic. This
is a good guess, but it does not follow from the case A2, because a Frobenius
manifold structure on a germ of an F-manifold of type A2A
m−2
1 for m ≥ 3
is never the product of the Frobenius manifolds A2 and A
m−2
1 (the numbers
d1, ..., dm would not be symmetric). Anyway, it is true, as the following result
shows.
Theorem 6.3. Let (M, ◦, e, E, g) be a simply connected massive Frobenius
manifold. Suppose that at generic points of the caustic K the germ of the
underlying F-manifold is of type I2(n)A
m−2
1 for one fixed number n ≥ 3.
a) The form d log τI has a logarithmic pole along K with residue − (n−2)
2
16n
along Kreg.
b) The G-function extends holomorphically over K iff n = 3.
Proof: Theorem 5.3 and (6.4) say that the form− 1
24
d log J has a logarithmic
pole along K with residue n−2
48
along Kreg. This equals (n−2)
2
16n
iff n = 3. So b)
follows from a).
It is sufficient to show a) for the F-manifold in Example 2.4, equipped with
some metric which makes a Frobenius manifold out of it (we do not need an
Euler field here). Unfortunately we do not have an identity for d log τI as (5.7)
for the socle field which would allow to consider only a most convenient metric.
We use (2.5) - (2.11) and (6.5) - (6.10) and consider a neighborhood of
0 ∈ Cm =M . Denote for j ≥ 3
T1j := (u1 − uj)
η2j1
ηjη1
+ (u2 − uj)
η2j2
ηjη2
, (6.17)
T2j := (u1 − uj)
η2j1
ηjη1
− (u2 − uj)
η2j2
ηjη2
,
T12 := (u1 − u2) η
2
12
η1η2
d(u1 − u2) .
With ηj(0) 6= 0 for j ≥ 3, (6.10) and (2.10) one calculates
8d log τI = holomorphic 1-form + T12
+
∑
j≥3
T1jdt1 +
∑
j≥3
T2jt
n−2
2
2 dt2 (6.18)
−
∑
j≥3
T1jduj .
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From (2.8) one obtains
η1/2 =
1
2
δ1(η)± 1
2
δ2(η)t
−n−2
2
2 , (6.19)
η1 · η2 = 1
4
t−n+22 (−δ2(η)2 + tn−22 δ1(η)2) , (6.20)
η12 =
1
4
δ1δ1(η) +
1
4
n− 2
2
t−n+12 δ2(η)−
1
4
t−n+22 δ2δ2(η) . (6.21)
The vector δ2|0 is a generator of the socle of the subalgebra in T0M which
corresponds to I2(n). Therefore δ2(η)(0) 6= 0. It is not hard to see with (6.19)
and (2.10) that the terms T1j and T2jt
n−2
2
2 for j ≥ 3 are holomorphic at 0. The
term T12 is
T12 =
4
n
· t
n
2
2 ·
η212
η1η2
· d( 4
n
· t
n
2
2 )
=
8
n
· tn−12 ·
η212
η1η2
· dt2 (6.22)
= −(n− 2)
2
2n
· dt2
t2
+ holomorphic 1-form .
This proves part a).
Remark 6.4. It might be interesting to look for massive Frobenius manifolds
which meet the case n = 3 in Theorem 6.3, but where the underlying F-
manifolds are not locally products of those from hypersurface singularities. In
view of [He3] (Theorem 16.6) the analytic spectrum Specan(TM , ◦) ⊂ T ∗M of
such F-manifolds would have singularities, but only in codimension ≥ 2, as
the analytic spectrum of A2 is smooth.
The analytic spectrum is Cohen-Macaulay and even Gorenstein and a La-
grange variety ([He3] chapter 6). P. Seidel (Ecole Polytechnique) showed me
a normal and Cohen-Macaulay Lagrange surface. But it seems to be unclear
whether there exist normal and Gorenstein Lagrange varieties which are not
smooth.
7. Variance of the spectrum
By Theorem 6.3 the germ (M, 0) of a Frobenius manifold as in Theorem 4.2
for an isolated hypersurface singularity f has a holomorphic G-function G(t),
unique up to addition of a constant. By Corollary 6.2 and Theorem 4.2 this
function satisfies
E G(t) = −1
4
µ∑
i=1
(αi − n− 1
2
)2 +
µ(αµ − α1)
48
=: γ . (7.1)
So it has a very peculiar strength: it gives a grip at the squares of the spectral
numbers α1, ..., αµ of the singularity. Because of the symmetry αi + αµ+1−i =
n− 1, the spectral numbers are scattered around their expectation value n−1
2
.
One may ask about their variance 1
µ
∑µ
i=1(αi − n−12 )2.
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Conjecture 7.1. The variance of the spectral numbers of an isolated hyper-
surface singularity is
1
µ
µ∑
i=1
(αi − n− 1
2
)2 ≤ αµ − α1
12
, (7.2)
or, equivalently,
γ ≥ 0 . (7.3)
Theorem 7.2. In the case of a quasihomogeneous singularity f
1
µ
µ∑
i=1
(αi − n− 1
2
)2 =
αµ − α1
12
, (7.4)
and
γ = 0 . (7.5)
Proof: (O/Jf , mult., [f ]) ∼= (T0M, ◦, E|0). Here one has f ∈ Jf and E|0 = 0
and therefore E G(t) = 0.
Lemma 7.3. The number γ of the sum f(x0, ..., xn)+ g(y0, ..., ym) of two sin-
gularities f and g satisfies
γ(f + g) = µ(f) · γ(g) + µ(g) · γ(f) . (7.6)
Proof: Let α1, ..., αµ(f) and β1, ..., βµ(g) denote the spectral numbers of f
and g. Then the spectrum of f + g as an unordered tuple is [AGV][SchSt]
(αi + βj + 1 | i = 1, ..., µ(f), j = 1, ..., µ(g)) . (7.7)
This and the symmetry of the spectra yields (7.6).
Remarks 7.4. a) The only unimodal or bimodal families of not semiquasi-
homogeneous singularities are the cusp singularities Tpqr and the 8 bimodal
series. The spectral numbers are given in [AGV]. One finds
γ(Tpqr) =
1
24
(1− 1
p
− 1
q
− 1
r
) ≥ 0 (7.8)
with equality only for the simple elliptic singularities. In the case of the 8
bimodal families one obtains
γ =
p
48 · κ ·
(
1− 1
p+ κ
)
≥ 0 (7.9)
with κ := 9, 7, 6, 6, 5 for E3,p, Z1,p, Q2,p, W1,p, S1,p, respectively, and
γ =
p
48 · κ ·
(
1 +
1
p+ 2κ
)
≥ 0 (7.10)
with κ := 6, 5, 9
2
for W ♯1,p, S
♯
1,p, U1,p, respectively.
b) Checking γ = 0 for the Aµ-singularities is easy. With Lemma 7.3 one
obtains immediately γ = 0 for all Brieskorn-Pham singularities. But this is
far from a general elementary proof of Theorem 7.2 for all quasihomogeneous
singularities.
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c) In [SK2] K. Saito studied the distribution of the spectral numbers and
their characteristic function
χf :=
1
µ
µ∑
i=1
T αi+1 (7.11)
heuristically and formulated several questions about them. The G-function
might help to go on with these problems.
d) In the case of a quasihomogeneous singularity with weights w0, ..., wn ∈
(0, 1
2
] and degree 1 the characteristic function is
χf =
1
µ
n∏
i=0
T − Twi
Twi − 1 , (7.12)
as is well known. It follows easily from (1.1) and (1.2).
e) One can speculate that the Conjecture 7.1, if it is true, comes from a
deeper hidden interrelation between the Gauß-Manin connection and polarized
mixed Hodge structures.
In [He4] (Remark 6.7 b)) an example of M. Saito ([SM] 4.4) is sketched
which leads for the semiquasihomogeneous singularity f = x6 + y6 + x4y4 to
Frobenius manifold structures with {d1, .., dµ} 6= {1 + α1 − αi | i = 1, ..., µ}.
The number γ in that case is γ = − 1
144
< 0 .
f) In the case of the simple singularities Ak, Dk, E6, E7, E8, the parameters
t1, ..., tµ of a suitably chosen unfolding are weighted homogeneous with positive
degrees with respect to the Euler field. Therefore G = 0 in these cases (cf.
[Gi]).
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